., 2013. Improvement on the estimation of constant-rate drawdown in large-diameter wells. Hydrological Sciences Journal, 58 (3), 716-727. Abstract Papadopulos and Cooper's (PC) solution can be used to describe the drawdown resulting from pumping with a constant rate at a large-diameter well. However, this solution is too complicated to be accurately evaluated due to the oscillatory nature of the Bessel functions. The PC approach resulted in tabulated values of dimensionless drawdown at the well with an accuracy of four or fewer digits for selected values of dimensionless storage coefficient versus dimensionless time. Some researchers have fitted the tabulated values with interpolation formulas that are easy to use in engineering applications. Those formulas may be more accurate if the tabulated values are computed with greater accuracy. In this study, we propose an efficient numerical procedure, including a root search scheme, to find the roots of the integrand, Gaussian quadrature for numerical integration, and Shanks transform to accelerate convergence of infinite series. The proposed procedure can evaluate the dimensionless drawdown with greater accuracy and is useful in practice if there is a need for high accuracy for the observation either at the well or in the aquifer at some distance from the pumping well Key words constant-rate pumping; large-diameter well; drawdown; aquifers; wells; numerical approach Amélioration de l'estimation du rabattement à débit de pompage constant dans les puits de grand diamètre Résumé La solution de Papadopulos et Cooper (PC) peut être utilisée pour décrire le rabattement résultant d'un pompage à débit constant dans un puits de grand diamètre. Cette solution est cependant trop complexe pour être évaluée avec précision en raison de la nature oscillatoire des fonctions de Bessel. L'approche de PC conduit à des valeurs tabulées d'un rabattement adimensionnel au puits avec une précision de quatre chiffres au plus pour certaines valeurs du coefficient d'emmagasinement (sans dimension) en fonction d'un coefficient temporel adimensionnel. Certains chercheurs ont ajusté sur les valeurs tabulées des formules d'interpolation faciles à utiliser dans les applications d'ingénierie. Ces formules peuvent être plus précises si les valeurs du tableau sont calculées avec une meilleure précision. Dans cette étude, nous proposons une procédure numérique efficace, comprenant un système de recherche de racine permettant de déterminer les racines de la fonction à intégrer, une quadrature de Gauss pour l'intégration numérique, et une transformation de Shanks pour accélérer la convergence des séries infinies. La procédure proposée permet d'évaluer un rabattement adimensionnel avec une plus grande précision et est utile en pratique s'il est nécessaire d'atteindre une meilleure précision pour l'observation dans le puits ou dans l'aquifère à une certaine distance du puits de pompage.
INTRODUCTION
Large-diameter wells are widely used in many countries to meet the growing demand of water for domestic and irrigation uses. These wells are convenient for withdrawing large quantities of water from low-permeability aquifers. The drawdown solution in regard to large-diameter wells is different from that of small-diameter wells, because of the contribution of water from wellbore storage. Papadopulos and Cooper (1967) presented an exact solution (hereafter referred to as the PC solution) for describing the drawdown distribution when pumping in a largediameter well. Their solution took into account the effects of finite well radius and the water stored within the wellbore, which were neglected in the Theis equation.
The PC solution contains an integral with the limits from zero to infinity and many terms of the products of zero-order and first-order Bessel functions. It can be transformed to an infinite series because the integrand is in terms of alternately oscillatory functions. Yet, the transformed series sometimes converges very slowly and may be very time-consuming in calculations. Under such circumstances, the PC solution requires a considerable amount of computing effort in numerical integrations to achieve the desired accuracy. Papadopulos and Cooper (1967) and Papadopulos (1967) gave tabulated values of dimensionless drawdown in the pumped well and the aquifer with four and three significant digits, respectively. Reed (1980) reported that Papadopulos (1967) developed two FORTRAN programs to compute the dimensionless drawdown in the test well and confined aquifer. He also reproduced the well function values, which were listed in Papadopulos and Cooper (1967) for dimensionless drawdown along the well and in Papadopulos (1967) for dimensionless drawdown at different radial distances. The methods employed in the computer programs include Simpson's rule for numerical integration, the Euler transform for accelerating the convergence of series summation, and the polynomial approximations to Bessel functions.
Considering the difficulty in calculating the PC solution, which requires numerical integration of an improper integral involving Bessel's functions, Swamee and Ojha (1995) proposed algebraic approximations to well functions, and these approximations were obtained from the tabulated values of well functions in Hantush (1964) and Papadopulos and Cooper (1967) . Çimen (2001) derived an analytical solution for drawdown in a large-diameter well using independent variable transformation. This solution, however, contains improper integrals which are laborious to calculate and may obtain inaccurate results from the use of an improper numerical method for numerical integration. He further gave large time solutions for transient drawdowns at pumping and observation wells in confined aquifers with a largediameter well. In addition, in order to estimate aquifer parameters conveniently, a number of studies have been devoted to developing an algebraic approximation to well drawdown based on the tabulated values in Papadopulos and Cooper (1967) . Singh (2007a) proposed simple equations for estimating aquifer parameters, and these equations were obtained from the tabulated values given by Papadopulos and Cooper (1967) . Singh (2007b) further developed a simple approximation of well function by fitting the tabulated values provided in Papadopulos and Cooper (1967) . Nevertheless, the accuracy of the approximation depends on the algebraic formulas and the tabulated values from Papadopulos and Cooper (1967) . The approximations might however not be accurate if the tabulated values do not maintain good accuracy. Peng et al. (2002) proposed a unified numerical approach including a root search approach, the Gaussian quadrature, and the Shanks transform to compute the constant-head aquifer drawdown and wellbore flux. Their results were correct to five significant digits. This numerical approach has also been successfully applied to other groundwater problems, for example, by Yeh and Chang (2006) , and Yeh and Yang (2006) . The main objective of this paper is to compute the PC solution based on the numerical approach presented by Peng et al. (2002) . Comparisons of the calculated dimensionless drawdowns from the present method and other methods demonstrate the significant improvement in the estimation of the PC solution.
DRAWDOWN SOLUTIONS
For pumping with a constant rate at a large-diameter well in a confined aquifer, the drawdown solution can be expressed as (Papadopulos and Cooper 1967) :
with:
and
where s is the drawdown in the aquifer at a distance r from the centre of well; u = r 2 S/4Tt; α = r 2 w S/r 2 c ; ρ = r/r w ; t is time; T and S are the transmissibility and storage coefficient of aquifer, respectively; r w is the radius of well screen; r c is the radius of well casing; Q is a constant discharge rate; J 0 and Y 0 are zero-order Bessel functions of the first and second kind, respectively; J 1 and Y 1 are first-order Bessel functions of the first and second kind, respectively.
If r = r w (i.e. ρ = 1) and u w = r 2 w S/4Tt, the drawdown at the pumped well can be obtained from equation (1) (Abramowitz and Stegun 1970) and then expressed as:
with: Swamee and Ojha (1995) presented the algebraic expression for the well function as:
Çimen (2001, equation (13) ) used independent variable transform to derive an equation for calculating the drawdown in a large-diameter well, in our notation, as:
Çimen also presented an approximate well function (equation (18) 
Furthermore, Singh (2007b) gave:
with: A plot of the integrand of W (u, α, ρ) versus x for the case that u = 1 and ρ = 100, while α = 10 -1 , 10 -3 and 10 -5 , is shown in Fig. 1 . This indicates that the integrand depending on the value of α gives alternate oscillation along the horizontal axis and dies away quickly. The oscillation of the integrand is dramatic if α is large. Such an integrand can be effectively computed by the numerical approach of three steps described below: -Step 1: A root search scheme is employed initially to find the consecutive roots of the integrand along the horizontal axis. A combination of bisection and Newton's methods is used to find the zeros of the integrand. A termination criterion in the process of finding zero is usually to set the relative error between the ith and (i + 1)th zeros, less than a very small value.
-
Step 2: A 20-point Gaussian quadrature is then applied to perform the numerical integration for each area under the integrand between two consecutive roots within the range from zero to infinity. Since the integrand is an oscillatory function, each integration result is considered as a term of the alternating series. When applying the Gaussian quadrature, the integral b a f (x)dx is transformed to another integral with the new integration interval of [-1,1] using the change of variable. The formula of the Gaussian quadrature is written as:
for n points, where W i denotes the weighting factor and ζ i represents the integration point i. Values of W i and ζ i can be found from a numerical analysis book, e.g. Burden and Faires (2001) or Gerald and Wheatley (2004) . -Step 3: Finally, the Shanks transform (Peng et al. 2002) is employed to accelerate the evaluation of the sum of the alternating series. The Shanks transform is a nonlinear iterative algorithm based on the sequence of partial sums and expressed as:
where S n denotes a sequence of partial sums, e 0 (S n ) = S n and e 1 (S n ) = [e 0 (S n+1 ) -e 0 (S n )] -1 . A convergence criterion is required when applying the Shanks transform to calculate a given series. A convergence factor, ε, is defined as:
The running sum is terminated when the lefthand side in equation (17) is less than ε, a very small value. Figure 2 shows the curves of the integrand of W (u w , α, ρ) versus x for u w = 1 and 10 -8 when α = 10 -1 , 10 -3 and 10 -5 . This figure exhibits that the curves increase initially, reach a maximum at some values of x, then decrease rapidly and diminish when x is very large. A dual-peak pattern can be observed when u w approaches zero. Both the 10-point and 20-point formulas of the Gaussian quadrature are used at the same time to carry out the numerical integration for each integrand. If the difference of these two results for any interval between the consecutive roots is greater than the prescribed criterion, then the interval will be divided into two portions. The same integration procedure is applied repeatedly to each portion until the convergence is met to ensure that the result bears the desired level of accuracy. 
RESULTS AND DISCUSSION
The termination criteria for root search, numerical integration and Shanks transform are chosen as 10 -5 , which represents a result that is accurate to five significant digits when applying the proposed method to compute equations (1) and (5). Values of the well function W (u w , α) computed by the proposed numerical approach are given in Table 1 for u w ranging from 10 -9 to 10 and α ranging from 10 -5 to 10 -1 . In addition, the values tabulated in Papadopulos and Cooper (1967) , calculated from the exact solution in Çimen (2001, equation (13)) and from the approximate well functions in Swamee and Ojha (1995) , Çimen (2001, equation (18)) and Singh (2007b) are also listed in Table 1 .
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8.61E+00 8.63222E+00 − 8.63296E+00 − 5.E-05 9.31461E+00 9.31E+00 9.32579E+00 − 9.32618E+00 − 2.E-05 1.02376E+01 Proposed approach Papadopulos (1967) Proposed approach Papadopulos (1967) Proposed approach Papadopulos (1967) u w = 2 × 10 -7 when α = 10 -5 in Çimen (2001, equation (18) ) and 174.3 cm at u w = 10 -9 when α = 10 -5 in Singh (2007b) . These drawdown differences are large when one is considering measurement accuracy of the order of millimetres. Moreover, these results reflect that the well function values given by Papadopulos and Cooper (1967) with four significant digits do not have enough accuracy in developing the approximate formulas as did those given in Swamee and Ojha (1995) and Singh (2007b) . Table 2 lists the dimensionless drawdown versus u in the range from 10 -5 to 10 with α ranging from 10 -5 to 10 -1 for the dimensionless distance ρ = 10, 50 and 100. Reed (1980) used Simpson's rule to compute the integral of Papadopulos and Cooper's solution, which may result in low accuracy, and a classical method of accelerating convergence such as the Euler transform is effective only in the case of slowly and monotonically decreasing series. Such numerical evaluation for the integral has the problem of slow convergence whenever ρ and/or u are large and therefore results in slightly poor accuracy. Papadopulos and Cooper gave at most three significant digits for the dimensionless drawdown (Reed 1980) , which may contribute to the problem of lack of high accuracy in numerical calculations.
CONCLUSION
This study proposes a numerical approach for calculating the drawdown in a large-diameter well, which includes a root search scheme for finding the roots of the integrand, Gaussian quadrature for numerical integration, and Shanks transform for accelerating convergence of infinite series. This study demonstrates that some numerical approaches or approximate solutions yield inaccurate results in the evaluation of the well function, especially for small radial distance or large pumping time. The dimensionless drawdown for selected values of dimensionless distance and dimensionless time are expressed in tabulated forms, which may be practically useful if there is a need for high accuracy for the observation either at the well or some distance from the pumping well.
